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Linear: KU=F -»|: - :

H }:{ } , K = const.
force 4
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Nonlinear: KWU)U=F - Fi,;(U) =F,y Foo(U) — Fopp = 0
torce 4 internal forces external forces
force residual: R(U) =0
Ft+At
Ft

>
Ut Uttt displacement
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Newton-Raphson method
Taylor series expansion: }@6 = f(x;_) + fOei_) (e — xj_1) + higherydéterms

A Yo = x4 fxi—1)

f T T R )
f(xizq)

Xi—1 Xi Xi+1 x>
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Newton-Raphson method

Taylor series expansion: }@6 = f(xj_) + f ) (g — x5-1) + higherydéterms
f(xi—1)

A X; = Xj—1 T+

f

f(xi—q)

f(xizq)
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Newton-Raphson method

10 -

[1]

[1] https://skill-lync.com/student-projects/genetic-algorithm-and-global-maxima-of-a-function-in-matlab-octave
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Newton-Raphson method - multiple degrees of freedom
R(U) = Fint(U) —Feye =0, U=?

R(Ut+At) — F_t+At(ut+At) _ Fet;tAt -0

int

. . R . .
R(UHALH) = R(UHAGETT) 4 g_U (ut+Att — yt+ati=1) 4 higher order terms

. JR __ . OF; OF . : .
0= R(ut+At,l—1) + Eaul ( a;}lt _/aljrt) SUi = Fet;c_tAt . FitTtht’l_l(UHAt’l_l)
tangent stiffness matrix SUi = ...
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Newton-Raphson method - multiple degrees of freedom  ,

Fine At,i—1 -
a{’; SUl = ngc-tAt . Ffr:-t "} (Ut+At,l 1)

0 Fint
ou

, full Newton-Raphson method
t+ALi—1

0 Fint
ou

, initial stress method
0

0 Fint

peT , modified Newton-Raphson method

t

d Fint
ou

, update at certain times only
?

Ft+At
Ft
>
A Ut [t+at
Ft+At
Ft
>

Ut [Jt+At
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Line search

UtHAti — gt+aLi-1 4 sy

RA

ytHAti — At i-1 +@6Ui

B 8U 85U
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Convergence criteria

i (ot+At t+Ati—1
6U (Fext Fmt

* energy 8UL (Fipt — Fl, =
t+At t+Atl 1
. f d | ”Fext mt ”
orce residuals RNORM
i
e displacement M
P DNORM ~ €
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Incrementation

force 4

>
Ut U2 U3 U*  displacement
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Arc-length method

I— ‘ >
Ut U2 U3 U*  displacement
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Arc-length method

force 4

Ft+At

‘ >
Ut Ut+At displacement
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Example: material nonlinearity phA
P(®) P(t) ,

§ : - E 9 A o=o(g)
e L :L L :L L > /
> Pt
&E
FEM:

R P(t P(t) Ry (t)
A(ti ( g S_T—B’

Uy (t) =0 U, (1) Us(¢) Uy(t) =0

14



SUPERCOMPUTING
KNOWLEDGE
PARTNERSHIP

Nonlinear solution methods S train

Example: material nonlinearity

N' =—n
N' =0
(o(x,t)A)' =0 N
JL N(O,t)— N(L,t)
o' (x,t)Av(x)dx =0 <49 I—}
: UL Ur

L

(o(x,t)A v(x))|z — j a(x, t)Av'(x,t)dx =0
0

L
j a(x, t)Av'(x,t)dx = N(L,t) v(L) — N(0,t) v(L) ... weak form
0
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Example: material nonlinearity

X
L N, t) [— N(L,t)
j o(x,t)Av'(x,t)dx = N(L,t) v(L) — N(0,t) v(L) ... weak form < * I >
" U Ur
X X
u(x,t) = U, (1 — Z) + Up T ... approximation of displacement field
1 E |
e(x,t) =u'(x,t) = Z(UR —U;) —>  o(x,t) =FE e(x,t) = Z(UR —U;) ..linear
o(x,t) = f(e(x,t)) ... honlinear
Galerkin:
X L 1
v(x,t)=1—z — —f a(x,t)Ade=—N(O,t) — —o(t)A=—N(0,t)
0
X L 1
v(x,t) = I - f o(x,t) A I dx = N(L,t) - o(t) A= N(L,t)
0
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Example: material nonlinearity

Assembling: RA(t‘ P(t P(t) Rp(t)
Uy (t) =0 Uz (1) Us(¢) Uy(t) =0

o, () A—as ) A[ ) —P()

( —o0 (A ) —R, (1)
o (t)A—o0,(t) A _{ P(t) }
\ o3 (t) A J Rg(t)

Fint (t) Fext(t)
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Example: material nonlinearity

t t t  _ -
Time discretization: Fint(U*) — Feyxe = 0 - fulfilled
Fi’fr:ftAt(UtJrM) — FAt =0 ... requested!
p A
aFint

1 At,i—1 i
SUt = Fg;tAt _ Fltn-ljc ) (Ut+At,l 1)

pt+At ouU

AP Ut+At,i — Ut+At,i—1 + 6Ul

AU = Ut+At,i _ Ut ;

PO
Uo Ut pt+ae >
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Example: material nonlinearity ( —o DA\ (—Ru(0
lterations: ) o, () A—0,(t) A s = P(t) OFint
OF.,. | ne A e een i o, (t)A—a3(t) A —P(t) - Py
ou SU' = F{ft — Fpo (Ut \ a3 (1) A J Rp(t)
unknown known Fip (t) Foc(£) (1 w, - Ul)\
L
, 1 1 dJe
Fint(U) = Fine (0(2(1)) o) =wle) =pUe =l = e =17l =)= 5y
o 1
0F, OF,, 00 Ot 4 99 ~(Us—Us)
— t+At o€ \L /
ou do 0t dU Gt
0)
Jdo
e
gt 8t+At !
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doy
deq

L
doy
deq
L

N7
fnlhet tie

doy 0
_ 681
L
do; , 00, do,
4 (531 i 652) _ dgy
L L
60-2 60-3
A (082 T a€3>
L

00-3
083

60-3
083

sU,

SU,

SUs

U,

g

\

Fextl - Fintl

F ext2 — F int2

F ext3 — g int3

F ext4 — F int4

\

J
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Example: material nonlinearity
sU*

Update: Ut+At,i — Ut+At, i—-1 + 6Ul
E

o

l'-"int

NEW ITERATION

Convergence check:

NO
|Fint — Fextll < toler

YES
NEW INCREMENT
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Summary:

* three types of nonlinearity (geometric, material, contact)
 decide, If any of it important for your problem

* Incremental loading, Iiterative process -> lenghty calculations
« choose the appropriate solving method

Take advantage of computational simplicity of linear analyses when possible...

... but do not analyse nonlinear problems with linear analyses!
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Thank you for your attention!

http://sctrain.eu/
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