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Methods for solution of BVP
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Methods for solution of Boundary Value Problem (BVP):

ÅFinite Difference Method (FDM)

ÅFinite Element Method (FEM)

ÅBoundary Element Method (BEM)

ÅFinite Volume Method (FVM)

ὯЎὝὼȟώ ή π



ÅIDEA: approximation of derivatives in 
governing equation and boundary 
conditions at points (grid)

ÅApproximation is derived based on the 
¢ŀȅƭƻǊΩǎ ǎŜǊƛŜǎ ŜȄǇŀƴǎƛƻƴ

ÅADVANTAGE: simple to use

ÅDISADVANTAGE: irregular domains, mesh 
preparation
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Finite Difference Method

Ὁὃό ὼ ὲ

u(0)=0

Ὁὃόὒ Ὂ



Å!ǇǇǊƻȄƛƳŀǘƛƻƴ ōŀǎŜŘ ƻƴ ǘƘŜ ¢ŀȅƭƻǊΩǎ ǎŜǊƛŜǎ 
expansion
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Finite Difference Method
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ÅWriting boundary conditions in discrete 
form:

ÅWriting governing equation at discrete 
points 1 to 4
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Finite Difference Method

Ὁὃό ὼ ὲ ᵼ ό ςό ό ὲὬȾὉὃ
ό ςό ό ὲὬȾὉὃ
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u π π    ᵼ ό = 0  Ὁὃόὒ Ὂᵼ ό όȾ ςÈὊ



ÅSystem of equations:
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Finite Difference Method

BC pt. 0

BC pt. 4

GE pt. 1

GE pt. 2

GE pt. 3

GE pt. 4



ÅStationary heat transfer in 2D
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Finite Difference Method
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Finite Element Method

ÅIDEA: integral based approach

ÅStarting point of derivation is Weak Integral Form of governing equation

ÅSolution domain is discretized into sub-domains, called finite elements (FEs)

ÅIn the FE sub-domain we approximate unknown quantities

ÅADVANTAGE: simple to use for complex geometrical domains, useful for all 
types of physical problems

ÅDISADVANTAGE: computationally intensive method
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FEM ïImplementation steps

ÅDerivation of Weak Integral Form of Governing Equation

ÅApproximation of Solution Variable over Finite Element Domain

ÅDerivation of Finite Element Matrix Equation

ÅMeshing & Writing FE Matrix Equation for each FE

ÅThe Assembly Process (Global Finite Element Matrix Equation)

ÅWriting Boundary Conditions

ÅSolutionof System of Equations
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FEM ïImplementation steps

ÅDerivation of Weak Integral Form of Governing Equation

ÅApproximation of Solution Variable over Finite Element Domain

ÅDerivation of Finite Element Matrix Equation

ÅMeshing & Writing FE Matrix Equation for each FE

ÅThe Assembly Process (Global Finite Element Matrix Equation)

ÅWriting Boundary Conditions

ÅSolutionof System of Equations
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FEM ïWeak Form

Derivation of Weak Integral Form of Governing Equation

Ὁὃό ὼ ὲ

Ὁὃό ὼ ὲ π

Ὁὃό ὼ ὲ ὺὼÄὼ π Strong Form

Governing Equation
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FEM ïWeak Form

Derivation of Weak Integral Form of Governing Equation

Ὁὃό ὼὺὼÄὼ ὲὺὼÄὼ Strong Form

Integration by PARTS

Ὁὃό ὼὺᴂὼÄὼ Ὁὃό ὒὺὒ Ὁὃό πὺπ ὲὺὼÄὼ

WEAK Form ὔὒ ὔπ
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FEM ïImplementation steps

ÅDerivation of Weak Integral Form of Governing Equation

ÅApproximation of Solution Variable over Finite Element Domain

ÅDerivation of Finite Element Matrix Equation

ÅMeshing & Writing FE Matrix Equation for each FE

ÅThe Assembly Process (Global Finite Element Matrix Equation)

ÅWriting Boundary Conditions

ÅSolutionof System of Equations
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FEM ïApproximation

Approximation of u(x)

Ὁὃό ὼὺᴂὼÄὼ ὔ ὺὒ ὔ ὺπ ὲὺὼÄὼ
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FEM ïMatrix Equation

Inserting         into weak form
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FEM ïImplementation steps

ÅDerivation of Weak Integral Form of Governing Equation

ÅApproximation of Solution Variable over Finite Element Domain

ÅDerivation of Finite Element Matrix Equation

ÅMeshing & Writing FE Matrix Equation for each FE

ÅThe Assembly Process (Global Finite Element Matrix Equation)

ÅWriting Boundary Conditions

ÅSolutionof System of Equations
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FEM ïMatrix Equation

Choice of v(x) ςGalerkin approach
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FEM ïMatrix Equation

Choice of v(x) ςGalerkin approach
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FEM ïMatrix Equation

FE Matrix Equation

( ) dxxnNuu
L

EA
L

)(2

0

0212

e

e

yñ+=-

1

2

( ) dxxnNuu
L

EA
L

)(1

0

0121

e

e

yñ+-=-

ý
ü
û

í
ì
ë

+
ý
ü
û

í
ì
ë-
=
ý
ü
û

í
ì
ë
ù
ú

ø
é
ê

è

-

-

1

1

211

11
e0

2

1

2

1

e

Ln

N

N

u

u

L

EA

Finite Element Matrix Equation

k

n

kkk

0
ffuK +=Ö

Matrix Notation

1N 2N



20

FEM ïImplementation steps

ÅDerivation of Weak Integral Form of Governing Equation

ÅApproximation of Solution Variable over Finite Element Domain

ÅDerivation of Finite Element Matrix Equation

ÅMeshing & Writing FE Matrix Equation for each FE

ÅThe Assembly Process (Global Finite Element Matrix Equation)

ÅWriting Boundary Conditions

ÅSolutionof System of Equations
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FEM ïMeshing

Meshing & Writing FE Matrix Equation for each FE
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FEM ïThe Assembly Process
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FEM ïThe Assembly Process

î
ý

î
ü

û

î
í

î
ì

ë

+-
î
ý

î
ü

û

î
í

î
ì

ë

-

-

=
î
ý

î
ü

û

î
í

î
ì

ë

ù
ù
ù

ú

ø

é
é
é

ê

è

-

-+-

-

1

11

1

2
110

1111

011
0

2

3

2

2

1

2

1

1

3

2

1
hn

N

NN

N

u

u

u

h

EA

Adding equations together



24

FEM ïThe Assembly Process
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FEM ïBoundary conditions
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FEM ïSystem of Equations
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FEM ïSystem of Equations
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ÅStationary heat transfer in 2D
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Finite Element Method

ὯЎὝὼȟώ ή π
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Boundary Element Method

ÅIDEA: integral based approach
ÅStarting point of derivation is InverseIntegral Form of governing equation
ÅSolution boundaryis discretized into sub-domains, called boundary 

elements(BEs)
ÅIn the BE sub-domain (only boundary!) we approximate unknown 

quantities

ÅADVANTAGE: solution of governing field equations is converted into 
searching unknown quantities on boundary
ÅSuitable for solution of potential problems & infinite problems 
ÅDISADVANTAGE: full and non-symmetrical matrices
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Boundary Element Method

ÅBasic differences between BVP solution methods
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Finite Volume Method

ÅIDEA: integral based approach

ÅStarting point of derivation is Integral Form of governing equation, where the integral 
over solution domain is converted in surface integral around the domain 

ÅSolution domainis discretized into sub-domains, called finite volumes (cells or control 
volumes)

ÅThe unknown solution variable is constant over the cell (calculated at the centre)

ÅADVANTAGE: solution of governing field equations is converted into searching 
unknown quantity in the cell centre.

ÅContinuity requirements are simply fulfilled.

ÅSimilar to FDM, Suitable for solution of heat transfer & fluid flow problems 

ÅDISADVANTAGE: fulfilment of boundary conditions related to solution variable
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Finite Volume Method

ÅPresentation on the stationary heat transfer problem

V 0
T T T

k k k q
x x y y z z

å õµ µ µ µ µ µå õ å õ
+ + + =æ öæ ö æ ö

µ µ µ µ µ µç ÷ ç ÷ç ÷

[ ] V( )div k grad T q=-

[ ] V( )div k grad T d q d
W W

W =- Wñ ñ Integration over the domain
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Finite Volume Method

ÅGreen-Gauss theorem

[ ] Ĕ( ) ( )div k grad T d k grad T n d
W G

W = Gñ ñ

V
Ĕ( )k grad T n d q d

G W

G =- Wñ ñ

Heat balance over control volume

[ ] V( )div k grad T d q d
W W

W =- Wñ ñ
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Finite Volume Method

ÅReduction to 1D

V
Ĕ( )k grad T n d q d

G W

G =- Wñ ñ

( )T T x=

L

V

0

k nx

dT
d q Adx

dx
G

G =-ñ ñ

+
v

p+1 p p p 1

v vm m

k A k A
k n (T T ) (T T )x

dT
d

dx X X -

-

G

è ø è øå õ å õ
Gº - - -é ù é ùæ ö æ ö

D Dé ù é ùç ÷ ç ÷ê ú ê ú
ñ

Since the temperature is unknown, we use approximation
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Finite Volume Method

ÅReduction to 1D

V
Ĕ( )k grad T n d q d

G W

G =- Wñ ñ

( )T T x=

L

V

0

k nx

dT
d q Adx

dx
G

G =-ñ ñ

Right-hand side of the equation, we approximate as
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Finite volume equation
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Finite Volume Method

ÅSystem of equations
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